A different expression of the Weil-Petersson potential on the
  quasi-Fuchsian deformation space by Teo, Lee-Peng
ar
X
iv
:m
at
h/
05
08
48
3v
1 
 [m
ath
.C
V]
  2
5 A
ug
 20
05
A DIFFERENT EXPRESSION OF THE WEIL-PETERSSON
POTENTIAL ON THE QUASI-FUCHSIAN DEFORMATION
SPACE
LEE-PENG TEO
Abstract. We extend a definition of the Weil-Petersson potential on
the universal Teichmu¨ller space to the quasi-Fuchsian deformation space.
We prove that up to a constant, this function coincides with the Weil-
Petersson potential on the quasi-Fuchsian deformation space. As a re-
sult, we prove a lower bound for the potential on the quasi-Fuchsian
deformation space.
1. Introduction
In [TT03b], we defined a Hilbert manifold structure on the universal Te-
ichmu¨ller space T (1). Under this structure, T (1) is a disjoint union of un-
countably many components. We denoted by T0(1) the component that con-
tains the identity element. It can be characterized as the completion of the
space Mo¨b(S1)\Diff+(S1) under the Weil-Petersson metric. Hence it is the
largest submanifold of T (1) where the Weil-Petersson metric can be defined.
The Weil-Petersson metric on Mo¨b(S1)\Diff+(S1), introduced by Kirillov
[Kir87] via the orbit method, has been of interest to both mathematicians
and physicists. It is a right-invariant Ka¨hler metric, and hence it may play
some role in the canonical quantization of the space Mo¨b(S1)\Diff+(S1).
In our subsequent work [TT04], we defined a Weil-Petersson potential
on T0(1) in two different ways, and showed that they are equal. The first
definition of the Weil-Petersson potential is given by S1 : T0(1)→ R,
S1([µ]) =
∫∫
D
∣∣∣∣(fµ)′′(fµ)′
∣∣∣∣
2
d2z +
∫∫
D∗
∣∣∣∣g′′µg′µ
∣∣∣∣
2
d2z − 4π log |g′µ(∞)|,
where wµ = g
−1
µ ◦ fµ is the conformal welding corresponding to [µ] ∈ T0(1).
The second definition of the Weil-Petersson potential comes from the study
of the Grunsky operator K1 of the univalent function f
µ associated to a
point [µ] ∈ T (1). We proved that the Grunsky operator associated to [µ] is
Hilbert-Schmidt if and only if [µ] ∈ T0(1). Hence the function S2 : T0(1)→ R
given by
S2([µ]) = log det(I −K1K∗1 )
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is well-defined. We proved that
S2 = − 1
12π
S1.
We call S1 the universal Liouville action in our paper [TT04]. In fact,
given Γ a cocompact quasi-Fuchsian group, the quasi-Fuchsian deformation
space D(Γ) can be canonically mapped into the universal Teichmu¨ller space,
with the totally real submanifold — the space of Fuchsian groups — mapped
to the point identity. The function S1 bears a lot of resemblance to the
critical value of the Liuoville action functional Scl we constructed in [TT03a].
However, we haven’t established the precise relation between them. In this
paper, we are going to extend the definition of the function S2 to the quasi-
Fuchsian deformation space of a quasi-Fuchsian group Γ, and prove that up
to constants, it coincides with the critical Liouville action Scl. As a result,
we show that (see Corollary 4.4)
Scl([µ]) ≤ 8π(2g − 2),
with equality appears if and only if [µ] corresponds to a Fuchsian group.
It is our intention to keep this paper concise. Hence we will not repeat
the background material and conventions. We refer them to our previous
papers [TT03a, TT03b, TT04].
2. Definition of the function S2 on quasi-Fuchsian deformation
space
2.1. The quasi-Fuchsian deformation space Dg.
2.1.1. A model of Dg. We fix a model for the quasi-Fuchsian deformation
space of genus g ≥ 2 in the following way. Let Γ ∈ PSU(1, 1) be a normalized
cocompact Fuchsian group of genus g. Let A−1,1(Γ) be the space of bounded
Beltrami differentials for Γ and B−1,1(Γ) the unit ball of A−1,1(Γ) with
respect to the sup-norm. For each µ ∈ B−1,1(Γ), there exists a unique quasi-
conformal (q.c.) mapping wµ : Cˆ→ Cˆ satisfying the Beltrami equation
(wµ)z¯ = µ(wµ)z
and fixing the points −1,−i, 1. The quasi-Fuchsian deformation space of
the Fuchsian group Γ is defined as
D(Γ) = B−1,1(Γ)/ ∼,
where µ ∼ ν if and only if wµ
∣∣
S1
= wν
∣∣
S1
.
Given [µ] ∈ B−1,1(Γ), let Γµ = wµ ◦ Γ ◦ w−1µ . By definition, Γµ is a
normalized quasi-Fuchsian group and it is a Fuchsian group if and only if µ
is symmetric, i.e.
µ(z) = µ
(
1
z¯
)
z2
z¯2
.
There is a canonical isomorphism D(Γ)
≃−→ D(Γµ) given by [ν] 7→ [λ], where
λ is the Beltrami differential of wν ◦w−1µ . We define Dg, the quasi-Fuchsian
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deformation space of genus g to be the space D(Γ), where Γ is a Fuchsian
group of genus g1. It is unique up to isomorphism.
Given [µ] ∈ D(Γ), let Ω1 = wµ(D) and Ω2 = wµ(D∗). Then Ω = Ω1 ⊔ Ω2
is the domain of discontinuity of Γµ acting on Cˆ and C = wµ(S1) is the
quasi-circle separating the domains Ω1 and Ω2. There exists a unique q.c.
mapping f : Cˆ→ Cˆ such that f |D is holomorphic, f fixes the points −1,−i, 1
and f(D) = Ω1. Similarly, there exists a unique q.c. mapping g : Cˆ → Cˆ
such that g|D∗ is holomorphic, g fixes the points −1,−i, 1 and g(D∗) = Ω2.
By abusing notation, we also denote by f and g the univalent functions f
∣∣
D
and g
∣∣
D∗
. We say that (f, g) is the pair of univalent functions associated to
the point [µ] ∈ Dg. In fact, (f, g) is independent of the choice of the model
D(Γ) for Dg. It only depends on the quasi-Fuchsian group Γ
µ. In case Γµ
is a Fuchsian group, Ω1 = D, Ω2 = D
∗ and hence f = id and g = id. Using
the biholomorphisms f and g, we define the pair of Fuchsian groups (Γ1,Γ2)
associated to Γµ by Γ1 = f
−1 ◦ Γµ ◦ f and Γ2 = g−1 ◦ Γµ ◦ g.
Given [ν] ∈ Dg, let µ1, . . . , µd be a basis of Ω−1,1(Γν). The Bers coordi-
nates at the point [ν] is defined by the correspondence ε = (ε1, . . . , εd) 7→
Γε = wε ◦ Γν ◦ w−1ε , where wε : Cˆ → Cˆ is the unique q.c. mapping with
Beltrami differential ε1µ1 + . . . εdµd and fixing the points −1,−i, 1.
2.1.2. The tangent and cotangent space of Dg. The holomorphic tangent
space at the point [ν] ∈ Dg is isomorphic to the space of harmonic Beltrami
differentials Ω−1,1(Γν) of Γν . The holomorphic cotangent space at the point
[µ] ∈ Dg is isomorphic to the vector space Ω2,0(Γµ) of holomorphic quadratic
differentials of Γµ.
Given µ ∈ Ω−1,1(Γν), we denote by ∂
∂εµ
and ∂
∂ε¯µ
the holomorphic and
anti-holomorphic vector fields in a neighbourhood of [ν] defined using the
Bers coordinates at the point [ν].
2.1.3. The embedding Tg →֒ Dg and the map Dg → T (1). Let Tg be the
Teichmu¨ller space of genus g and T (1) the universal Teichmu¨ller space. Tg
can be realized as a complex submanifold of the quasi-Fuchsian deformation
space Dg = D(Γ). Namely
Tg = T (Γ) =
{
[µ] ∈ D(Γ) : µ(z) = 0 on D ∪ S1.} .
We denote by i : Tg →֒ Dg the canonical inclusion map.
To define the map Ξ : D(Γ)→ T (1), we use the following model for T (1).
T (1) = L∞(D∗)1/ ∼,
where given µ ∈ L∞(D∗)1, a Beltrami differential on D∗ with sup-norm
less than 1, we extend µ to be zero outside D∗ and let wµ : Cˆ → Cˆ to be
the unique q.c. mapping with Beltrami differential µ and fixing the points
1We can let Γ to be any quasi-Fuchsian group of genus g. But for the description of
some properties of D(Γ) in terms of equivalence classes of Beltrami differentials, it will be
convenient to assume that Γ is a Fuchsian group.
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−1,−i, 1. µ ∼ ν if and only if wµ∣∣
D
= wν
∣∣
D
. Given [µ] ∈ Dg, let (f, g)
be the pair of univalent functions associated to [µ]. Extend f and g to be
q.c. mappings. The map Ξ : D(Γ) → T (1) is defined so that Ξ([µ]) is the
equivalence class of the Beltrami differential of g
∣∣
D∗
. It is independent of
the choice of the representative µ of [µ]. It is not a one-to-one mapping. In
particular, the subspace of Fuchsian groups in D(Γ) is mapped to the point
[0] ∈ T (1). If (f, g) is the pair of univalent functions associated to [µ] ∈ Dg,
there exists a linear fractional transformation λ ∈ PSL(2,C) such that the
functions f = λ ◦ f and g = λ ◦ g satisfies
f(0) = 0, f ′(0) = 1, g(∞) =∞.
The pair of functions (f, g) is then the functions in the conformal welding
w = g−1 ◦ f associated to Ξ([µ]) ∈ T (1).
Obviously, we also have a canonical complex analytic embedding i˜ : Tg →֒
T (1). It factors as i˜ = Ξ ◦ i.
2.1.4. The inversion on Dg. There is an inversion map I : Dg → Dg on
the quasi-Fuchsian deformation space induced by the inversion ι : Cˆ → Cˆ,
z 7→ 1/z¯. It is defined in the obvious way:
I([µ]) = [ι∗µ], for [µ] ∈ Dg,
where
ι∗µ(z) = µ
(
1
z¯
)
z2
z¯2
.
The space of Fuchsian groups is the set of fixed points of this map2. By
uniqueness of q.c. mappings, it is easy to see that
wι∗µ(z) =
1
wµ(1/z¯)
, f [ι∗µ](z) =
1
g[µ](1/z¯)
, g[ι∗µ](z) =
1
f [µ](1/z¯)
.
(2.1)
The relations between the quasi-Fuchsian groups and associated Fuchsian
groups are given by
Γι
∗µ = ι ◦ Γµ ◦ ι Γ1[ι∗µ] = ι ◦ Γ2[µ] ◦ ι, Γ2[ι∗µ] = ι ◦ Γ1[µ] ◦ ι.
2.2. The function S2.
2.2.1. Integral operators associated to (f, g). Let
A12(D) =

ψ holomorphic on D : ‖ψ‖22 =
∫∫
D
|ψ(z)|2 d2z <∞

 ,
A12(D
∗) =

ψ holomorphic on D∗ : ‖ψ‖22 =
∫∫
D∗
|ψ(z)|2 d2z <∞


2This is only true when we use a Fuchsian group Γ for the model Dg = D(Γ).
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be Hilbert spaces of holomorphic functions on D and D∗ and denote by A12(D)
and A12(D
∗) the corresponding Hilbert-spaces of anti-holomorphic functions.
Given a pair f : D → C, g : D∗ → Cˆ of univalent functions such that
Cˆ \ (f(D) ∪ g(D∗)) has measure zero , define the kernel functions
K1(z, w) =
1
π
(
1
(z −w)2 −
f ′(z)f ′(w)
(f(z)− f(w))2
)
,
K2(z, w) =
1
π
f ′(z)g′(w)
(f(z)− g(w))2 ,
K3(z, w) =
1
π
g′(z)f ′(w)
(g(z) − f(w))2 ,
K4(z, w) =
1
π
(
1
(z −w)2 −
g′(z)g′(w)
(g(z) − g(w))2
)
.
They define linear operators Kl, l = 1, 2, 3, 4 as follows,
K1 : A
1
2(D)→ A12(D), (K1ψ)(z) =
∫∫
D
K1(z, w)ψ(w)d
2w,
K2 : A12(D
∗)→ A12(D), (K2ψ)(z) =
∫∫
D∗
K2(z, w)ψ(w)d
2w,
K3 : A12(D)→ A12(D∗), (K3ψ)(z) =
∫∫
D
K3(z, w)ψ(w)d
2w,
K4 : A
1
2(D
∗)→ A12(D∗), (K4ψ)(z) =
∫∫
D∗
K4(z, w)ψ(w)d
2w.
The generalized Grunsky equality says that these operators satisfy the fol-
lowing relations (see e.g., [TT04]):
K1K
∗
1 +K2K
∗
2 = I, K3K
∗
1 +K4K
∗
2 = 0,(2.2)
K1K
∗
3 +K2K
∗
4 = 0, K3K
∗
3 +K4K
∗
4 = I.
K2,K3 are invertible operators and K1,K4 are operators of norm strictly
less than one.
Remark 2.1. Our definition of the operators Kl here can be viewed as the
’pull–back’ of the corresponding definition on T (1) via the map Ξ : Dg →
T (1).
Remark 2.2. If φ is a holomorphic function on D, the principal–valued inte-
gral ∫∫
D
φ(w)
(z − w)2 d
2w
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vanishes identically. Hence we can also represent operators K1 and K4 by
the singular kernels
− 1
π
f ′(z)f ′(w)
(f(z)− f(w))2 and −
1
π
g′(z)g′(w)
(g(z) − g(w))2 .
2.2.2. The definition of S2. Let Kl = KlK
∗
l , l = 1, 2, 3, 4. In [TT04], we
define the function S2 : T0(1)→ R, which up to a multiplicative constant is
a Weil-Petersson potential on T0(1), by
S2 = log det(I − K1) = log det(I − K4).
This definition cannot be extended to Dg since if K1 and K4 are defined
using the pair (f, g) associated to a point on Dg, they are not trace-class
operators unless K1 = K4 = 0 (see the proof in [TT04]), which corresponds
to the case Γµ is a Fuchsian group. Nevertheless, motivated by the series
expansion
log det(I −K) = −Tr
(
∞∑
n=1
Kn
n
)
valid when the operator K has norm less than 1, we want to consider the
following operators
O1 =
∞∑
n=1
Kn1
n
and O2 =
∞∑
n=1
Kn4
n
.
Lemma 2.3. The operators O1 and O2 are well-defined operators with ker-
nels
O1(z, w) =
∞∑
n=1
K1,n(z, w)
n
and O2(z, w) =
∞∑
n=1
K4,n(z, w)
n
,
which converge absolutely and uniformly on compact subsets of D × D and
D
∗ × D∗ respectively. Here Ki,n(z, w), i = 1, 4 is the kernel of the operator
Kni .
Proof. It is sufficient to consider the operator O1. First, we notice that for
n ≥ 2,
K1,n(z, w) =
∫∫
D
∫∫
D
K1(z, ζ)
(
(K∗1K1)
n−1
)
(ζ, η)K∗1 (η,w)d
2ζd2η
=
∫∫
D
∫∫
D
(
(K1K
∗
1 )
n−1
)
(η, ζ)K1(ζ, z)K1(η,w)d
2ζd2η
=
〈
K
n−1
1 vz, vw
〉
.
Here we denote by 〈 . , . 〉 the inner product on the Hilbert space A12(D),
and vz is the holomorphic function
vz(ζ) = K1(z, ζ)
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with norm
‖vz‖22 = K1(z, z).
By Cauchy-Schwarz inequality, we have
|K1,n(z, w)| ≤ ‖Kn−11 vz‖2‖vw‖2 ≤ ‖K1‖n−1∞ ‖vz‖2‖vw‖2.
Hence
∞∑
n=1
∣∣∣∣K1,n(z, w)n
∣∣∣∣ ≤
(
∞∑
n=1
‖K1‖n−1∞
n
)
‖vz‖2‖vw‖2
which converges absolutely and uniformly on compact subsets of D×D since
‖K1‖∞ < 1 and
‖vz‖22 ≤
1
π(1− |z|2)2 .
(see [TT04]). In fact, as a function of w,
‖K1,n(z, w)‖22 = K1,2n(z, z) ≤ ‖K1‖2n−1∞ ‖vz‖22,
which implies that as a function of w,
lim
k→∞
k∑
n=1
K1,n(z, w)
n
=
∞∑
n=1
K1,n(z, w)
n
in A12(D). Hence it follows that if ψ ∈ A12(D),
(
O1ψ¯
)
(z) = lim
k→∞
k∑
n=1
(Kn1 ψ¯)(z)
n
= lim
k→∞
∫∫
D
(
k∑
n=1
K1,n(z, w)
n
)
ψ(w)d2w
=
∫∫
D
(
∞∑
n=1
K1,n(z, w)
n
)
ψ(w)d2w,
which proves that
∑∞
n=1
1
n
K1,n(z, w) is the kernel for O1.

Corollary 2.4. Let (f, g) and (Γ1,Γ2) be the pairs of univalent functions
and Fuchsian groups associated to a point on Dg. The functions O1(z, z) and
O2(z, z) defined using (f, g) are nonnegative real valued continuous functions
on D and D∗ that are automorphic (1, 1) forms with respect to Γ1 and Γ2
respectively.
Proof. Again, it suffices to consider O1. It follows from the proof of the
previous lemma that
O1(z, z) =
∞∑
n=1
K1,n(z, z)
n
converges absolutely and uniformly on compact subsets of D. Hence it is
continuous. Moreover, since K1 is a positive self-adjoint operator,
K1,n(z, z) =
〈
K
n−1
1 vz, vz
〉 ≥ 0
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for all n. Hence O1(z, z) ≥ 0. Now for every γ ∈ Γ1, there exists γ˜ ∈ Γµ
such that
f ◦ γ = γ˜ ◦ f.
Hence it is easy to check from the definition of K1(z, w) that
K1(γz, γw)γ
′(z)γ′(w) = K1(z, w) ∀γ ∈ Γ1
and consequently
K1,n(γz, γw)γ′(z)γ′(w) = K1,n(z, w) ∀γ ∈ Γ1.
Therefore, O1(z, z) is an automorphic (1, 1)-form with respect to Γ1. 
Now we can define the function S2 : Dg → R.
Definition 2.5. The function S2 : Dg → R is defined as follows:
S2([µ]) =
∫∫
Γ1\D
O1(z, z)d
2z =
∞∑
n=1
1
n
∫∫
Γ1\D
K1,n(z, z)d2z,
where O1(z, w) is defined using the univalent function f associated to [µ].
Remark 2.6. The function S2 can be considered as the regularized trace of
the operator − log det(I − K1) on A12(D).
2.2.3. Behavior of S2 under inversion. The relations (2.1) give us the fol-
lowing relations for the kernels Kl associated to [µ] and [ι
∗µ] on Dg:
Kl[ι
∗µ](z, w) = K4−l[µ]
(
1
z¯
,
1
w¯
)
1
z2
1
w2
, l = 1, 2, 3, 4.
In particular,
O4[µ](z, z) = O1[ι
∗µ]
(
1
z¯
,
1
z¯
)
1
|z|4 .
Using this, we have the following result.
Proposition 2.7. The function S2 is invariant under inversion, i.e. S2◦I =
S2.
Proof. Given a point [µ] on Dg with the associated univalent functions (f, g)
and Fuchsian groups (Γ1,Γ2), we are going to prove that∫∫
Γ1\D
K1,n(z, z)d2z =
∫∫
Γ2\D∗
K4,n(z, z)d2z
for all n. From the relations (2.2) we have
K1(z, w) + K2(z, w) = I1(z, w) =
1
π(1− zw¯)2 , z, w ∈ D;(2.3)
K3(z, w) + K4(z, w) = I2(z, w) =
1
π(1− zw¯)2 , z, w ∈ D
∗;
WEIL-PETERSSON POTENTIAL ON THE QUASI-FUCHSIAN DEFORMATION SPACE9
where I1 and I2 are the identity operators on A
1
2(D) and A
1
2(D
∗) respectively.
On the other hand,
K1,n(z, w) =
(
(I1 − K2)n
)
(z, w) =
n∑
k=0
(−1)k
(
n
k
)(
K
k
2
)
(z, w),
K4,n(z, w) =
(
(I2 − K3)n
)
(z, w) =
n∑
k=0
(−1)k
(
n
k
)(
K
k
3
)
(z, w).
Now for k ≥ 1,∫∫
Γ1\D
(
K
k
2
)
(z, z)d2z =
∫∫
Γ1\D
∫∫
D∗
K2(z, ζ)
(
(K∗2K2)
k−1K∗2
)
(ζ, z)d2ζd2z
=
∑
γ2∈Γ2
∫∫
Γ1\D
∫∫
Γ2\D∗
K2(z, γ2ζ)
(
(K∗2K2)
k−1K∗2
)
(γ2ζ, z)|γ′2(ζ)|2d2ζd2z.
For every γ2 ∈ Γ2, there exists γ ∈ Γµ such that
γ ◦ g = g ◦ γ2
and γ1 ∈ Γ1 such that
γ ◦ f = f ◦ γ1.
Hence
K2(γ1z, γ2ζ)γ
′
1(z)γ
′
2(ζ) = K2(z, ζ)
whenever the pair of elements γ1 ∈ Γ1, γ2 ∈ Γ2 are associated to the same
element γ ∈ Γ. Then it is easy to show that(
(K∗2K2)
k−1K∗2
)
(γ2ζ, z)γ′2(ζ) =
(
(K∗2K2)
k−1K∗2
)
(ζ, γ−11 z)(γ
−1
1 )
′(z).
Consequently,∫∫
Γ1\D
(
K
k
2
)
(z, z)d2z
∑
γ1∈Γ1
∫∫
Γ1\D
∫∫
Γ2\D∗
K2(γ
−1
1 z, ζ)
(
(K∗2K2)
k−1K∗2
)
(ζ, γ−11 z)
∣∣(γ−11 )′(z)∣∣2 d2ζd2z
=
∫∫
Γ2\D∗
∫∫
D
K2(z, ζ)
(
(K∗2K2)
k−1K∗2
)
(ζ, z)d2zd2ζ
=
∫∫
Γ2\D∗
∫∫
D
K3(ζ, z)
(
(K∗3K3)
k−1K∗3
)
(z, ζ)d2zd2ζ =
∫∫
Γ2\D∗
(
K
k
3
)
(z, z)d2z.
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We have used the equality K2(z, w) = K3(w, z)∀z ∈ D, w ∈ D∗ in the last
line. Finally, from (2.3) we have∫∫
Γ1\D
K1,n(z, z)d2z = 1
4π
Area(Γ1\D) +
n∑
k=1
(−1)k
(
n
k
)∫∫
Γ1\D
(
K
k
2
)
(z, z)d2z
=
1
4π
Area(Γ2\D∗) +
n∑
k=1
(−1)k
(
n
k
)∫∫
Γ2\D∗
(
K
k
3
)
(z, z)d2z
=
∫∫
Γ2\D∗
K4,n(z, z)d2z.
It follows from the definition that∫∫
Γ1[µ]\D
O1[µ](z, z)d
2z =
∫∫
Γ2[µ]\D∗
O4[µ](z, z)d
2z =
∫∫
Γ1[ι∗µ]\D
O1[ι
∗µ](z, z)d2z.

3. The first variation of the function S2
Given µ ∈ Ω−1,1(Γν) a tangent vector at the point [ν], we define
µ1 = f
∗(µ|Ω1) and µ2 = g∗(µ|Ω2).
We separate the computation of the variation of S2 into a few lemmas.
Lemma 3.1. Given [ν] ∈ Dg, let µ ∈ Ω−1,1(Γν) be such that µ has support
on Ω2. Let (f
ε, gε) be the univalent functions associated to Γ
ε = wεµ ◦ Γν ◦
w−1εµ . At the point [ν], the variation of the kernel K1 in the direction µ is
given by
∂
∂ε
∣∣∣
ε=0
K
ε
1(z, w) = −
∫∫
D∗
∫∫
D∗
µ2(u)K2(z, u)K4(u, ζ)K
∗
2 (ζ, w)d
2ud2ζ
Proof. See the proof of Lemma 2.7 and Theorem 3.1 in [TT04]. 
Lemma 3.2. Given [ν] ∈ Dg, let µ ∈ Ω−1,1(Γν) be such that µ has support
on Ω2. Let (f
ε, gε) and (Γ
ε
1,Γ
ε
2) be the univalent functions and Fuchsian
groups associated to Γε = wεµ ◦ Γν ◦ w−1εµ . Then for all n ≥ 1,
∂
∂ε
∣∣∣
ε=0
∫∫
Γε
1
\D
Kε1,n(z, z)d2z = n
∫∫
Γ1\D
∫∫
D
(
∂
∂ε
∣∣∣
ε=0
K
ε
1(z, ζ)
)
K1,n−1(ζ, z)d2ζd2z.
Proof. Since f ε = wε ◦ f , the group Γε1 = (f ε)−1 ◦ Γε ◦ f ε is a constant with
respect to ε, i.e. Γε1 = Γ
0
1 = Γ1. From Lemma 3.1, it is easy to check that
for all γ1 ∈ Γ1,(
∂
∂ε
∣∣∣
ε=0
K
ε
1
)
(γ1z, γ1w)γ
′
1(z)γ
′
1(w) =
∂
∂ε
∣∣∣
ε=0
K
ε
1(z, w).
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We find that
∂
∂ε
∣∣∣
ε=0
∫∫
Γε
1
\D
Kε1,n(z, z)d2z
=
∂
∂ε
∣∣∣
ε=0
∫∫
Γ1\D
∫∫
D
. . .
∫∫
D
K
ε
1(z, ζ1)K
ε
1(ζ1, ζ2) . . .K
ε
1(ζn−1, z)d
2ζ1 . . . d
2ζn−1d
2z
=
∫∫
Γ1\D
∫∫
D
. . .
∫∫
D
(
∂
∂ε
∣∣∣
ε=0
K
ε
1(z, ζ1)
)
K1(ζ1, ζ2) . . .K1(ζn−1, z)d
2ζ1 . . . d
2ζn−1d
2z
+ . . .
+
∫∫
Γ1\D
∫∫
D
. . .
∫∫
D
K1(z, ζ1)K1(ζ1, ζ2) . . .
(
∂
∂ε
∣∣∣
ε=0
K
ε
1(ζn−1, z)
)
d2ζ1 . . . d
2ζn−1d
2z
=n
∫∫
Γ1\D
∫∫
D
(
∂
∂ε
∣∣∣
ε=0
K
ε
1(z, ζ)
)
K1,n−1(ζ, z)d2ζd2z.

Lemma 3.3. Given [ν] ∈ Dg, let µ ∈ Ω−1,1(Γν) be such that µ has support
on Ω2. Let (f
ε, gε) and (Γ
ε
1,Γ
ε
2) be the univalent functions and Fuchsian
groups associated to Γε = wεµ ◦ Γν ◦ w−1εµ . Then there exists an r > 0 such
that the series
∞∑
n=1
1
n
∂
∂ε
∫∫
Γε
1
\D
Kε1,n(z, z)d2z,
converges uniformly to
−
∫∫
D∗
∫∫
Γ1\D
∫∫
D
∫∫
D∗
µε2(u)K
ε
2(z, u)K
ε
4(u, η)(K
ε
2 )
∗(η, ζ)(I−Kε1)−1(ζ, z)d2ηd2ζd2zd2u
in the ball {ε ∈ C : |ε| < r}. Here µε2 is the Beltrami differential
g∗ε
((
µ
1− |εµ|2
(wεµ)z
(wεµ)z¯
)
◦ (wεµ)−1
)
.
Proof. By shifting the origin of differentiation, it is easy to see from Lemma
3.1 and Lemma 3.2 that
∂
∂ε
∫∫
Γ1\D
Kε1,n(z, z)d2z
=− n
∫∫
Γ1\D
∫∫
D
∫∫
D∗
∫∫
D∗
µε2(u)K
ε
2(z, u)K
ε
4(u, η)(K
ε
2)
∗(η, ζ)Kε1,n−1(ζ, z)d2ud2ηd2ζd2z.
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Now using the property of the operators Kl, l = 1, 2, 3, 4, we find that the
ℓ2–norm of the function
uεw(ζ) =
∫∫
D∗
∫∫
D∗
µε2(u)K
ε
2(w, u)K
ε
4(u, η)(K
ε
2 )
∗(η, ζ)d2ud2η
satisfies the inequality
‖uεw‖22 ≤
∫∫
D∗
∣∣∣∣∣∣
∫∫
D∗
µε2(u)K
ε
2(w, u)K
ε
4(u, ζ)d
2u
∣∣∣∣∣∣
2
d2ζ
≤
∫∫
D∗
|µε2(ζ)|2 |Kε2(w, ζ)|2d2ζ
≤‖µε2‖2∞Kε2(w,w) ≤
‖µε2‖2∞
π(1− |w|2)2 .
Hence, the ℓ2–norm of the function
vεw,n(z) =
∫∫
D
∫∫
D∗
∫∫
D∗
µε2(u)K
ε
2(w, u)K
ε
4(u, η)(K
ε
2 )
∗(η, ζ)d2ud2ηKε1,n−1(ζ, z)d2ζ
=
(
((K∗1K1)
ε)n−1uεw
)
(z)
satisfies
‖vεw,n‖2 ≤ ‖(K∗1K1)ε‖n−1∞ ‖uεw,n‖2 ≤
‖Kε1‖2n−2∞ ‖µε2‖∞√
π(1− |w|2) .
Therefore, by Lemma 2.3 in [TT04], we have
|vεw,n(z)| ≤
‖vεw,n‖2√
π(1− |z|2) ≤
‖Kε1‖2n−2∞ ‖µε2‖∞
π(1− |z|2)(1 − |w|2)
Choose C1 and C2 such that ‖K1‖∞ < C1 < 1 and ‖µ2‖∞ < C2 < 1. By
the continuity of the map Pˆ : T (1) → B(ℓ2) proved in the Appendix A of
[TT04], the canonical complex analytic embedding T (Γ1) → T (1) and the
smooth dependence of µ on ε, we can find a number r > 0, such that for all
ε in the ball {|ε| < r}, we have ‖Kε1‖∞ < C1 and ‖µε2‖∞ < C2. Hence for
|ε| < r,∣∣∣∣∣∣∣
∂
∂ε
∫∫
Γ1\D
K1,n(z, z)
n
d2z
∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
∫∫
Γ1\D
vεz,n(z)d
2z
∣∣∣∣∣∣∣ ≤
C2n−21 C2
π
∫∫
Γ1\D
d2z
(1− |z|2)2
=
C2n−21 C2
4π
Area(Γ1\D).
Consequently, by Weierstrass-M-test, the series
∞∑
n=1
1
n
∂
∂ε
∫∫
Γ1\D
Kε1,n(z, z)d2z
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converges uniformly and absolutely on the set {ε ∈ C ; |ε| < r}. The same
proof above shows that as a function of z, the series
∞∑
n=1
vεz,n(z)
converges uniformly on any compact subset of D; in particular, on a funda-
mental domain of Γ1 on D. Therefore,
∞∑
n=1
1
n
∫∫
Γ1\D
∂
∂ε
Kε1,n(z, z)d2z = −
∞∑
n=1
∫∫
Γ1\D
vεz,n(z)d
2z = −
∫∫
Γ1\D
∞∑
n=1
vεz,n(z)d
2z
=−
∫∫
Γ1\D
∫∫
D
∫∫
D∗
∫∫
D∗
µε2(u)K
ε
2(z, u)K
ε
4(u, η)
(Kε2)
∗(η, ζ)
(
∞∑
n=1
Kε1,n−1(ζ, z)
)
d2ud2ηd2ζd2z.
The conclusion of the lemma then follows from the standard operator theory
that
∞∑
n=1
Kε1,n−1(ζ, z) = (I − Kε1)−1(ζ, z).

Now we state a lemma we need from elementary analysis:
Lemma 3.4. Let O be a ball with center at the origin of C and let hn : O →
R be a sequence of differentiable real-valued functions on O that converges to
the function h : O → R. If ∂h
∂z
: O → C converges uniformly to k : O → C,
then
∂h
∂z
= k.
Given [µ] ∈ Dg, let ϑ([µ]) ∈ Ω2,0(Γµ) be the quadratic differential defined
by
ϑ([µ])(z) =
{
S(f−1)(z), if z ∈ Ω1,
S(g−1)(z), if z ∈ Ω2.
Here
S(h) =
(
h′′
h′
)′
− 1
2
(
h′′
h′
)2
is the Schwarzian derivative of the function h. We have
Theorem 3.5. The real-valued function S2 : Dg → R is a differentiable
function. At the point [ν] ∈ Dg, its variation along the direction µ ∈
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Ω−1,1(Γν) is given by
∂S2
∂εµ
([ν]) = − 1
6π
∫∫
Γν\Ω
ϑ([ν])µ.
Proof. First, we assume µ has support on Ω2. From Lemma 3.4 and Lemma
3.3, we have
∂S2
∂εµ
[ν] =
∂
∂ε
∣∣∣
ε=0
∫∫
Γ1\D
O
ε
1(z, z)d
2z
=−
∫∫
D∗
∫∫
Γ1\D
∫∫
D
∫∫
D∗
µ2(u)K2(z, u)K4(u, η)
K∗2 (η, ζ)(I − K1)−1(ζ, z)d2ηd2ζd2zd2u.
Define R2 : D
∗×D→ C and R∗2 : D×D∗ → C be as in the proof of Theorem
3.1 in [TT04]. Then
∂S2
∂εµ
[ν] = −
∫∫
D∗
∫∫
Γ1\D
∫∫
D
∫∫
D∗
∫∫
D∗
µ2(u)K2(z, u)K4(u, η)
K∗2 (η, ζ)R
∗
2(ζ, v)R2(v, z)d
2vd2ηd2ζd2zd2u.
By the transformation property of the functionsKl, l = 1, 2, 3, 4 with respect
to the groups Γ1 and Γ2, we can transform the integral into
−
∫∫
Γ2\D∗
∫∫
D
∫∫
D
∫∫
D∗
∫∫
D∗
µ2(u)K2(z, u)K4(u, η)
K∗2 (η, ζ)R
∗
2(ζ, v)R2(v, z)d
2vd2ηd2ζd2zd2u,
which can be further be manipulated as in the proof of Theorem 3.1 in
[TT04] to get
∂S2
∂εµ
([ν]) =
1
6π
∫∫
Γ2\D∗
S(g)µ2 = − 1
6π
∫∫
Γν\Ω2
S(g−1)µ.
Now if µ has support on Ω1, we let κ = ι
∗ν and η = ι∗µ. Then η ∈
Ω−1,1(Γκ) and it has support on Ω2[κ]. By Theorem 2.7 and what we have
proved above
∂S2
∂εµ
([ν]) =
∂S2
∂εη
([κ]) = − 1
6π
∫∫
Γκ\Ω2[κ]
S(g[κ]−1)η = − 1
6π
∫∫
Γν\Ω1
S(f [ν]−1)µ.
Finally, for general µ ∈ Ω−1,1(Γν), we write µ = α + β, where α has
support on Ω1 and β has support on Ω2. Then
∂S2
∂εµ
([ν]) =
∂S2
∂εα
([ν]) +
∂S2
∂εβ
([ν]),
so the result of the theorem follows. 
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4. The classical Liouville action
Let Γ′ be a normalized cocompact Fuchsian group of genus g realized as a
subgroup of PSL(2,R) and let α(z) = (z− i)/(z+ i) be the linear fractional
transformation that maps the upper half plane U to the unit disc D. The
Fuchsian group Γ = α ◦ Γ′ ◦ α−1 is then a subgroup of PSU(1, 1). α induces
a complex analytic isomorphism G : D(Γ′)→ D(Γ) by
[µ] ∈ D(Γ′) 7→ G([µ]) = [(α−1)∗µ].
We define the function S2 : D(Γ
′)→ R by S2 = S2 ◦G.
Given [ν] ∈ D(Γ′), we let wν be the unique q.c. mapping with Beltrami
differential ν and fixing the points 0, 1,∞. Let κ = (α−1)∗ν, then wν =
α−1 ◦wκ ◦ α. Let J1 = α−1 ◦ f ◦ α, J2 = α−1 ◦ g ◦ α, where (f, g) is the pair
of univalent functions associated to [κ] ∈ D(Γ).
4.1. Relation between classical Liouville action and the function
S2. Given [µ] ∈ D(Γ′), let ϑ˜([µ]) ∈ Ω2,0((Γ′)µ) be the quadratic differential
defined by
ϑ˜([µ])(z) =
{
S(J−11 )(z), if z ∈ wµ(U),
S(J−12 )(z), if z ∈ wµ(L).
Here L is the lower half plane. If κ = (α−1)∗µ, then ϑ([κ]) = (α−1)∗ϑ˜([µ]).
It follows from Theorem 3.5 that
Theorem 4.1. Given a subgroup Γ′ of PSL(2,R), which is a normalized
cocompact Fuchsian group of genus g, the real-valued function S2 : D(Γ
′)→
R is a differentiable function. At the point [ν] ∈ D(Γ′), its variation along
the direction µ ∈ Ω−1,1((Γ′)ν) is given by
∂S2
∂εµ
([ν]) = − 1
6π
∫∫
(Γ′)ν\Ω′
ϑ˜([ν])µ.
Here Ω′ = wν(U) ⊔ wν(L) is the set of discontinuity of the group (Γ′)ν .
Proof. We let κ = (α−1)∗ν, η = (α−1)∗µ. Then by Theorem 3.5,
∂S2
∂εµ
([ν]) =
∂S2
∂εη
([κ]) = − 1
6π
∫∫
Γκ\Ω
ϑ([κ])η = − 1
6π
∫∫
(Γ′)ν\Ω′
ϑ˜([ν])µ.

In [TT03a], we define the classical Liouville action Scl : D(Γ
′) → R and
prove that −Scl is a Weil-Petersson potential on D(Γ′). Theorem 4.2 in
[TT03a] says that
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Theorem 4.2. Let Γ′ be as in Theorem 4.1. At the point [ν] ∈ D(Γ′), the
variation of the function Scl along the direction µ ∈ Ω−1,1((Γ′)ν) is given by
∂Scl
∂εµ
([ν]) = 2
∫∫
(Γ′)ν\Ω′
ϑ˜([ν])µ.
Theorem 4.1 and Theorem 4.2 give a relation between Scl and S2.
Theorem 4.3. Let Γ′ be as in Theorem 4.1. On the deformation space
D(Γ′), we have
Scl = −12πS2 + 8π(2g − 2).
Proof. Since D(Γ′) is connected, from Theorem 4.1 and Theorem 4.2, we
have
Scl = −12πS2 + C,
where C is a constant. Now at the origin [0] of D(Γ′), Scl([0]) = 8π(2g − 2)
and S2([0]) = 0, hence C = 8π(2g − 2). 
This gives us the following inequality for the classical Liouville action.
Corollary 4.4. The classical Liouville action Scl : D(Γ
′) → R satisfies the
following inequality
Scl ≤ 8π(2g − 2).
It attains its maximum value along the subspace of Fuchsian groups.
Proof. This follows from the theorem above and the nonnegativity of S2
established in Corollary 2.4. 
Remark 4.5. It follows that the normalized potential −Scl + 8π(2g − 2) on
the quasi-Fuchsian deformation space D(Γ′) is a nonnegative function.
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